Only one three-term recurrence relation, namely, W r = 2W r−1 −W r−4 , is known for the generalized Tribonacci numbers, W r , r ∈ Z, defined by W r = W r−1 + W r−2 + W r−3 and W −r = W −r+3 − W −r+2 − W −r+1 , where W 0 , W 1 and W 2 are given, arbitrary integers, not all zero. Also, only one four-term addition formula is known for these numbers, which is,
Introduction
For r ≥ 3, we define the generalized Tribonacci numbers W r by the third order recurrence relation:
W r = W r−1 + W r−2 + W r−3 ,
where W 0 , W 1 and W 2 are arbitrary integers. By writing W r−1 = W r−2 + W r−3 + W r−4 and subtracting this from relation (1.1), we see that W r also obeys the useful three-term recurrence W r = 2W r−1 − W r−4 .
(
1.2)
Extension of the definition of the generalized Tribonacci numbers to negative subscripts is provided by writing identity (1.2) as W r+4 = 2W r+3 − W r ; so that
Well known examples of W r are the Tribonacci sequence, (T r ), r ∈ Z, for which W = T , W 0 = T 0 = 0, W 1 = W 2 = T 1 = T 2 = 1 and the Tribonacci-Lucas sequence , (K r ), r ∈ Z, Table 1 shows the first few Tribonacci and Tribonacci-Lucas numbers for −20 ≤ r ≤ 24.
The following references contain useful information on the properties of the Tribonacci numbers and related: [1, 2, 3, 4, 5, 6] .
Among other interesting results, we found the following three-term recurrence relations which are presumably new:
and W r−14 = 9W r+2 − 56W r−1 .
We also found a simple relation linking the Tribonacci numbers and the Tribonacci-Lucas numbers:
2 Linear recurrence relations and addition formulas Theorem 1. The following identity holds for integers a, b, c, d and e:
Proof. We seek to express a generalized Tribonacci number as a linear combination of three Tribonacci numbers. Let
where a, b, c, d and e are arbitrary integers and the coefficients f 1 , f 2 and f 3 are to be determined. Setting e = a, e = b and e = c, in turn, we obtain three simultaneous equations:
The identity of Theorem 1 is established by solving these equations for f 1 , f 2 and f 3 and substituting the solutions into identity (2.1).
Corollary 2. The following identities hold for integers r and s:
2)
3)
Proof. See Table 2 .
r − 1 r r + 1 0 r + s Table 2 : Appropriate substitutions in the identity of Theorem 1 to obtain identities (2.2) -(2.6) of Corollary 2.
Note that identity (2.4) can be written in the familiar form
Evaluating identity (2.2) at s = −3, s = −16 and at s = −17, in turn, we find the following three term recurrence relations for the generalized Tribonacci numbers:
and
Evaluating identity (2.6) at s = −14 produces yet another three-term recurrence relation for the generalized Tribonacci numbers:
Note that by interchanging r and s in each case and making use of the defining recurrence relation for W and T , the identities (2.2) -(2.6) can also be written
14)
Evaluating identity (2.14) at s = −2 with W = K gives 
Proof. We wish to express a generalized Tribonacci number as a linear combination of three Tribonacci-Lucas numbers. Let
where a, b, c, d and e are arbitrary integers and the coefficients f 1 , f 2 and f 3 are to be determined. Setting e = a−1, e = b−1 and e = c−1, in turn, we obtain three simultaneous equations:
The identity of Theorem 3 is obtained by solving these equations for f 1 , f 2 and f 3 and substituting the solutions into identity (2.18).
Corollary 4.
The following identities hold for integers r and s:
19) 
24)
25)
26)
Quadratic relations
Our goal in this section is to derive expressions involving only pure squares of generalized Tribonacci numbers. To achieve this we must be able to express the anticipated cross-terms such as W r−1 W r and W r−1 W r−4 as squares of generalized Tribonacci numbers.
Rearranging identity (1.2) and squaring, we have 
Proof. Eliminating W r−1 W r between identities (3.1) and (3.11) proves identity (3.19). To prove identity (3.20), write W r − W r−1 = W r−2 + W r−3 , square both sides and use the identity (3.1) to resolve the cross-products W r W r−1 and W r−2 W r−3 .
Substituting for W Next we give how to express the square of a Tribonacci-Lucas number in terms of squares of Tribonacci numbers.
Theorem 6. The following identity holds for any integer r:
Proof. Square identity (2.17) and use identity (3.5) to eliminate the cross term.
Theorem 7. The following identities hold for r and s integers: Proof. Setting a = r − 8, b = r, c = r − 10, d = 0 and e = r − s with s ∈ {1, 2, 3, 4, 5, 6, 7, 9} in the identity of Theorem 1, the following linear combinations are formed: Proof. Write the defining recurrence relation of the generalized Tribonacci numbers as W r − W r−1 = W r−2 + W r−3 , take the cube of both sides and use identities (4.1) and (4.2) to remove cross terms.
